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We study the excitation dynamics of Rydberg atoms in a one-dimensional lattice with periodic boundary
conditions where the atomic Rydberg states are resonantly excited from the electronic ground state. Our
description of the corresponding dynamics is numerically exact within the perfect blockade regime, i.e., no two
atoms in a given range can be excited. The time evolution of the mean Rydberg density, density-density
correlations, as well as entanglement properties is analyzed in detail. We demonstrate that the short-time
dynamics is universal and dominated by quantum phenomena, while for larger time the characteristics of the
lattice become important and the classical features determine the dynamics. The results of the perfect blockade
approach are compared to the predictions of an effective Hamiltonian which includes the interaction of two
neighboring Rydberg atoms up to the second-order perturbation theory.
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I. INTRODUCTION

During recent years, a new class of experiments in ultra-
cold gases emerged, dedicated to the study of atoms excited
to Rydberg states �1� which interact strongly via dipole-
dipole or van der Waals forces. The most intriguing manifes-
tation of this interaction is the Rydberg blockade mechanism
�2,3� which prevents the excitation of a Rydberg atom in the
vicinity of an already excited one. On the theory side, this
blockade has been thoroughly studied in the context of quan-
tum information processing �2,3� for it is a natural imple-
mentation of a state-dependent interaction which is essential
to devise two qubit gates. Moreover, it has been theoretically
shown that the long-ranged character of the interaction can
be employed to manipulate whole atomic ensembles by just a
single control atom �4�. Very recently, the state-dependent
dynamics between two Rydberg atoms, spatially separated by
several micrometers, was observed experimentally �5,6�.

In the context of gases, a first experimental indication of
the strong Rydberg-Rydberg interaction was the nonlinear
behavior of the number of excited atoms as a function of
increasing laser power and atomic density �7,8�. Later, it was
shown that in the case of a dense gas, the Rydberg blockade
gives rise to the formation of coherent collective
excitations—so-called “superatoms” �9,10�. Due to the
strong interaction, the timescale of the excitation dynamics
of a Rydberg gas is typically much shorter than those of the
external dynamics. As a consequence, such gases can be con-
sidered “frozen” �11,12� in a given configuration and the
evolution of Rydberg excitations is usually described by a
spin model �13,14�, where the spin-up �spin-down� state rep-
resents a Rydberg �ground-state� atom. Unlike in a typical

solid-state system, there are no significant dissipative pro-
cesses which make the system assume its ground state over
the typical experimental timescale. Therefore, one can regard
the dynamics as fully coherent �15,16�, and the time evolu-
tion of quantities such as the mean number of Rydberg exci-
tations is expected to depend crucially on the initial state. An
experiment, however, consists of many successive measure-
ments which are performed for different configurations �ini-
tial states� of the atomic gas, i.e., changing positions of the
atoms. Hence, the results of many experimental realizations
have to be averaged in order find expectation values of
physical quantities.

In the present work we study the excitation properties of a
Rydberg gas in a particularly structured and symmetric sce-
nario. In our setup, a large number N0�1 of ground-state
atoms per site are homogeneously distributed over a ring
lattice �17�. At most a single Rydberg atom per site can be
excited via a resonant laser that is switched on instanta-
neously. Due to the underlying lattice the atomic configura-
tion remains unchanged for any experimental realization and
no averaging in the above sense is required. The atomic mo-
tion is considered frozen on relevant time scale. In the frame-
work of the perfect blockade regime, we study the temporal
evolution of the Rydberg excitation number, the formation of
correlations in the Rydberg density, and the entanglement
properties in lattices with up to 25 sites. We demonstrate that
the dynamics of this system is divided into short- and long-
time domains which are, respectively, independent and de-
pendent on the lattice size. Our calculations are numerically
exact in the limit of the perfect Rydberg blockade. Effects
that go beyond this regime are treated by the second-order
perturbation theory, i.e., by a Hamiltonian which is obtained
by adiabatically eliminating highly excited energy levels.

This paper is structured as follows. In Sec. II we derive an
effective Hamiltonian which describes the Rydberg excita-
tion dynamics of atoms confined to a ring lattice. Section III
is dedicated to the discussion of the symmetry properties of
the system and the consequent arising simplification of the
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numerical calculation. The regime of the perfect blockade is
thoroughly studied in Sec. IV. In Sec. V we discuss the adia-
batic elimination procedure which we use to account for ef-
fects that go beyond the perfect blockade and perform a com-
parison of the results obtained by both approaches. The
conclusion and outlook are provided in Sec. VI.

II. HAMILTONIAN

We consider a gas of bosonic atoms that is confined to a
large spacing optical ring lattice with N sites with periodicity
a��m. Such lattices have been proposed to be created by
means of two interfering laser beams with N being typically
of the order of 20 �17�. Moreover, there is also a way to
create a ring lattice approximatively in a standard rectangular
large spacing optical lattice �18� which is generated by
crossed laser beams. To this end one can remove atoms from
unwanted sites by employing the electron-beam technique
presented in Ref. �19�, thereby “cutting out” a ring.

For the sake of simplicity, we assume a uniform and large
atomic density, i.e., the same number of ground-state atoms
N0�1 per site. The atoms populate the ground state of each
lattice site, which for the kth one is described by the Wannier
function �k�x�, where x represents the spatial coordinates.
We assume no hopping and hence no particle exchange be-
tween the sites. The atoms are modeled as a two-level sys-
tem: the ground state �g� and the Rydberg state �r�. Experi-
mentally these two levels are usually coupled by a two-
photon transition. Here, we assume, without any loss of
generality, that they are coupled resonantly by a laser of Rabi
frequency �0. The corresponding Hamiltonian reads

H0 = ��0�
k=1

N

�bk
†rk + bkrk

†� , �1�

where bk
† and rk

† �bk and rk� represent the creation �annihila-
tion� of a ground state and a Rydberg state atom at the kth
site, respectively. For the sake of simplicity we assume that
the Rydberg atoms experience the same trapping potential as
the ground-state atoms. This requirement is, however, not
crucial as the typical timescale of the electronic excitation
dynamics which we are going to study is much smaller than
the dephasing time due to different trapping potentials expe-
rienced by �g� and �r�. Since we are working in the limit of a
large number of ground-state atoms, N0�1, contained in
each site, they can be treated as a classical field, and we can
replace bk

† and bk by 	N0. This yields the Hamiltonian

H0 = ��0
	N0�

k=1

N

�rk + rk
†� , �2�

where we assume a relative phase equal to 0 between the
condensates confined to different sites. Moreover, we neglect
radiative decay. This is justified because the typical timescale
of the excitation dynamics is given by the inverse of the
collective Rabi frequency �
�0

	N0 which can easily ex-
ceed tens of megahertz. We will later see that due to the
Rydberg blockade at most N /2 out of the N Rydberg atoms
will be excited on the ring. As a consequence, the time for

the first emission of a photon scales in the worst case as
temit= �2 /N�T0, with the single Rydberg atom decay rate T0

−1

�100 kHz. Thus, for the ring sizes under consideration the
condition �� temit

−1 can be met.
Let us now discuss the interaction between the Rydberg

atoms. We focus here on the van der Waals interaction which
is given as V�x�=C6 /x6 with x being the interparticle dis-
tance. It has been shown �9,10� that even this short-ranged,
i.e., quickly decaying interaction can significantly affect the
excitation dynamics of atoms which are several micrometers
apart. This is rooted in the large value of the coefficient C6,
which grows proportional to n11 with n being the principal
quantum number of the excited level �20�. The interaction
Hamiltonian is given by

Hint = �
k

Vkknk�nk − 1� +
1

2�
i�j

Vijninj , �3�

where nk=rk
†rk is the Rydberg particle number operator and

Vij =�dxdx���i�x��2�� j�x���2V��x−x���. We assume that the
spatial extension of the Wannier functions � j�x� is much
smaller than the lattice spacing a. In this case we can write
Vij �C6 / ��i− j�a�6, where we make the assumption that the
range of interactions is much smaller than the radius of the
ring lattice. Moreover, we assume that the on-site interaction
is much larger than any other in the system, i.e.,
�Vkk�� �Vkk�1�. This implies that a double occupancy of a
single site is ruled out, and hence nk has the two eigenvalues
0 and 1. Within these approximations and after introducing
the energy scale �=��, the Hamiltonian reads

H = H0 + Hint = ��
k=1

N �rk + rk
†� + �

l=1

m−1

�lnknk+l� , �4�

with �l=C6 / ��la�6��. The maximal range of the interactions
is given by ma, where m is a positive integer. The value of m
depends on the features of the considered system, such as the
lattice spacing and the strength of the interaction. If the in-
teraction rapidly decays as the distance is enhanced, only a
few neighboring sites interact. Since for the van der Waals
potential �Vkk�2� is 64 times smaller than �Vkk�1�, our study is
focused on the m=2 case.

Without the possibility of a double occupancy, the opera-
tor rk

† can be interpreted to create a superatom on the kth site,
i.e., a symmetric superposition of all possible single atom
excitations on that site. This is done with a rate �. In this
spirit, Hamiltonian �4� describes the local dynamical creation
and annihilation of such superatoms and their interaction.
This Hamiltonian can be equivalently formulated as a spin
model as done in Refs. �13,14�.

III. SYMMETRIES AND STATE REPRESENTATION

Our goal is to study the dynamics of this system with the
vacuum state �0� �such that rk�0�=0� serving as initial state.
To that purpose, we have to solve the time-dependent
Schrödinger equation of Hamiltonian �4� and we perform
this task by making use of a basis composed by all possible
configurations in the ring. For an increasing site number N,
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the exact solution of this problem becomes quickly intrac-
table as the dimension of the Hilbert space grows as 2N. By
exploiting the symmetries of Hamiltonian �4� we can show,
however, that the dimension of the subspace in which the
evolution takes place is significantly reduced.

There are two symmetry operations on a ring lattice
which are of interest in our system: cyclic shifts by l sites
and the reversal of the order of the lattice sites. The former is
represented by the operators Xl with l=1,2 , . . . ,N where
Xl=X1

l , while the latter operation is the parity and is denoted
by R. The action of these operations on the creation and
annihilation operators is defined through

Xl
−1rkXl = rk+l, Xl

−1rk
†Xl = rk+l

† , �5�

R−1rkR = rN−k+1, R−1rk
†R = rN−k+1

† , �6�

from which it follows that R and all Xl are unitary, i.e.,
R−1=R† and Xl

−1=Xl
†. Hamiltonian �4� is invariant under

these operations, i.e., �H ,Xl�= �H ,R�=0.
Let us now focus on the vacuum state �0�, where no Ry-

dberg atom is excited. This is an eigenstate of all cyclic
shifts and the reversal operator with eigenvalue 1,

Xl�0� = �0�, R�0� = �0� . �7�

Only a small subset of the 2N states, spanning the whole
Hilbert space, actually has these properties. Each of these
maximally symmetric states can be understood as a superpo-
sition of all states that are equivalent under rotation and re-
versal of the sites. Since the Hamiltonian conserves the sym-
metries of the initial state, the evolution of the system will
take place in the subspace of the Hilbert space spanned by
the maximally symmetric states. By using these states, the
dimension of the problem is dramatically reduced. For ex-
ample, for N=10 the dimension of the basis decreases from
210=1024 down to 78. For our computations we need an
algorithm to quickly generate the maximally symmetric
states among which the evolution takes place. Such an algo-
rithm is presented in Ref. �21�. There, these states are called
bracelets and are recursively generated in an optimal way.
The amount of CPU time grows only proportional to the
number of bracelets produced.

IV. PERFECT BLOCKADE

We will consider from now on the case where m=2 if not
explicitly said otherwise, i.e., only neighboring sites interact.
Hamiltonian �4� is then governed by two energy scales: the
one associated to the laser excitation H0, i.e., the collective
Rabi frequency �=��, and the one related to the Rydberg-
Rydberg interaction Hint, given by ��
��1.

The spectrum of the interaction Hamiltonian Hint decom-
poses into N degenerate subspaces of energy E	=	�� with
	=0,1 , . . . ,N−2,N counting the number of pairs of neigh-
boring excitations. Note that the subspace 	=N−1 is not
included because of the impossibility of having N−1 pairs of
neighboring excitations in a ring. The laser Hamiltonian H0
is switched on instantaneously and drives the dynamics
within a given 	 subspace and couples subspaces with

�	−	��
2 �see Fig. 1�. The timescale associated with the
evolution inside a 	 subspace is �0=� /�, whereas the typical
time of intersubspace transitions is given by �int=�� /�
=�0�. We consider here the regime in which ��1, i.e., the
interaction energy of two neighboring Rydberg atoms is
much larger than the collective Rabi frequency, and hence
�0��int. For the van der Waals case, this condition is
��� �C6� /a6.

The physical initial state is the vacuum, �0�, which be-
longs to the subspace with 	=0. In our approximation we
neglect the coupling between this subspace and those includ-
ing higher excitations. This is the perfect blockade approach,
which is valid for t��int, i.e., the time it takes to perform a
transition between adjacent 	 subspaces. The restriction to
the 	=0 subspace leads to a further reduction in the dimen-
sion of the Hilbert space in which the temporal evolution
takes place. For example, for N=10 the states to be consid-
ered in the basis set expansion decreases from 78 to 14. This
is to be compared to the 1024 states which span the entire
Hilbert space of the system.

The laser Hamiltonian H0 couples states in the Hilbert
space whose number of excitations differ by 1. The corre-
sponding maximally symmetric states and the coupling be-
tween them by means of H0 can be graphically illustrated as
shown in Fig. 2. The way these states are coupled is quali-
tatively similar for different lattice sizes so, for simplicity
reasons, we discuss here the lattice with N=10. In Fig. 2 the
states are denoted by the number of Rydberg excitations, and
a subscript is added when more than one configuration with
the same excitation number is possible. Note that for an even
�odd� number of sites the maximal number of Rydberg atoms
in one of these states is N

2 � N−1
2 �, e.g., �5� for 10 sites.

Starting from the vacuum, there are several excitation
paths with different probabilities that connect the states. The
larger the amount of Rydberg atoms, the more constraints are
found to allocate the next excitation. As a consequence, we
encounter several excitation paths that do not reach the state
with the maximal number of Rydberg excitations but end in
others, such as the �4B� and �4C� states for N=10. The fea-
tures of these frustrated states strongly depend on the lattice
size, and their amount increases as N is increased. In particu-

�

���

���

�
�

�
�

�
�

�
�

�
�

��

��

�
�

FIG. 1. �Color online� Energy level structure of Hamiltonian �4�
for m=2. The spectrum consists of highly degenerate subspaces
which are labeled by 	 energetically separated by ��, except the
levels with 	=N−2 and 	=N, which are separated by 2�� �see text
for explanation�. The laser �H0� causes an energy splitting of the
degenerate levels. In addition, it couples states belonging to a given
	 subspace and connects subspaces with �	−	��=1,2.
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lar, their existence provokes quantitative differences in the
dynamics of two lattices with different N value for large
times. This is reflected in the time evolution of all quantities
we are going to study throughout this work. The dynamics
can be always divided into two different domains. For short
times, t4�0 the behavior is universal, i.e., independent of
the size of the lattice, whereas for longer times a dependence
on N is observed.

A. Two-site density matrix

The reduced density matrix of two neighboring sites is
needed to investigate the temporal evolution of local proper-
ties such as the mean density of Rydberg atoms or the en-
tanglement between two adjacent sites. Since the wave func-
tion ���t�� is spanned in the subspace of fully symmetric
states, all sites are indistinguishable and we can take 1 and 2
as representative adjacent lattice sites. The two-site reduced
density matrix is obtained from the density matrix of the full
system ��t�= ���t�����t�� by performing the partial trace
over all the remaining sites,

��12��t� = Tr3,4. . .N„��t�… . �8�

The basis for the two-site states is ��gg� , �gr� , �rg� , �rr��. The
restriction to the fully symmetric subspace imposes
�gr���12��gr�= �rg���12��rg�
� and �gg���12��gr�
= �gg���12��rg�
�, while the perfect blockade prevents the
excitation of atoms in two neighboring sites, and hence the
entries �A���12��rr� and �rr���12��A� are zero for �A�
= ��gg� , �gr� , �rg��. As a consequence, the reduced density
matrix has the particularly simple form

��12��t� =�
� � � 0

�� � � 0

�� �� � 0

0 0 0 0
� , �9�

where �, �, �, and � are four time-dependent �complex�
parameters. In particular, � and � are real, and due to the
normalization of the wave function, Tr1,2��12��t�=�+2�=1.
Hence, only three of these parameters are independent. Per-

forming the trace over the states of site number 2 yields the
single-particle density matrix

��1��t� = Tr2„�
�12��t�… = �1 − � �

�� �
� . �10�

B. Rydberg density

The first local property under consideration is the time
evolution of the expectation value of the Rydberg density nk.
By using Eq. �10� one obtains

�nk�t�� = Tr„��1��t�nk�t�… = � , �11�

and the total number of Rydberg atoms evaluates to
�NRyd�t��=N�nk�t��=N�. In Fig. 3�a� we show �nk�t�� as a
function of time for different lattice sizes. In the right panel
�Fig. 3�b�� a magnified view of the short-time dynamics is
provided for N=10 and 25.

We observe at first a steep increase, which is proportional
to t2, that culminates in a pronounced peak located at
t=1.09�0. This peak is independent of the lattice size, as we
are still witnessing the short-time behavior. For much larger
times, �nk�t�� becomes dependent on N and oscillates
with a frequency of f �0.48� about a mean value of
�nk�t���0.26. This mean value and also f turn out to be
independent of the ring size; however, the exact shape of
�nk�t�� strongly depends on N. A similar result and a possible
explanation of the nature of this value are given in Ref. �13�.
The time averages are performed by means of numerical in-
tegration over time in a large enough interval �5�0 ,200�0�.
The lower limit of this interval is chosen large enough to
avoid the initial effects of turning on the laser. The higher
one is kept shorter than the corresponding revival time. The
amplitude of the oscillations decreases considerably with in-
creasing lattice size. This amplitude can be measured by
means of the standard deviation. For N=10, a quasi-steady-
state with large fluctuations characterized by a standard de-
viation ���nk�t���=0.062 about �nk�t�� is established, while in
the case of N=25 these fluctuations become smaller
���nk�t���=0.0065.

FIG. 2. �Color online� Graph with the basis of states for N=10
in which the time evolution takes place. In each column a subspace
of a given number of Rydberg excitations is shown, see text for
further information. The laser �Hamiltonian H0� couples only states
belonging to adjacent subspaces. The coupling strength �transition
probability� between the individual states is encoded in the colors
and/or line style.

0.2

0.4

0.2

0.4

<
n k(t

)>

0.2

0.4

0 50 100
0

0.2

0.4

t (units of τ
0
)

0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

t (units of τ
0
)

<
n k(t

)>

N=25
N=10

N=25

N=20

N=15

N=10

(a) (b)

FIG. 3. �Color online� Expectation value of the Rydberg density
�11� versus time for �a� four different ring sizes and t
100�0, and
�b� detail of the short-time evolution for N=10 and 25. The com-
putations have been performed assuming perfect blockade of the
adjacent neighbor.
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We have also performed calculations of time-averaged
Rydberg density �nk�t�� for m=3 and m=4 and N�20. The
results for the two cases are �nk�t��m=3�0.17 and
�nk�t��m=4�0.12, which is an indication for the scaling
�nk�t��m��2m�−1.

C. Density-density correlation function

The equal-time density-density correlation function be-
tween two sites denoted by i and j separated by a distance
�i− j�a
ka is given by

g2�k,t� =
�n1n1+k�t��

�n1�t���n1+k�t��
. �12�

It measures the conditional probability of finding an excited
atom at a distance ka from an already excited one normalized
to the probability of uncorrelated excitation.

Figure 4 illustrates the initial evolution of g2�k , t� in the
time interval �0,5�0� for a N=25 lattice. Due to the perfect
blockade condition, g2�1, t�=0 for any time. The temporal
and spatial structures can be understood by observing the
properties of the laser Hamiltonian H0 which drives the ex-
citation dynamics. At the beginning only a single particle at
site 1 is excited, so the probability of excitation of a second
atom is uniform; it can occur at arbitrary position �except at
a distance of k=1�. As a consequence, there are no correla-
tions for very short times, and they emerge successively as
time increases. The augment occurs at k=2, and the density-
density correlation function for that distance reaches a maxi-
mum at t�1.5�0. The high probability of finding two exci-
tations at the distance k=2, i.e., a large value of g2�2, t�,
automatically gives rise to a decrease in g2�3, t� due to Ryd-
berg blockade. For larger times, a regular pattern of en-
hanced and suppressed density-density correlations charac-
terizes the dynamics. The regular pattern of the density-
density correlation functions at short times is lost as time
increases. Here, g2�k , t� exhibits pronounced fluctuations and
rapid oscillations around a mean value for t�4�0.

In Fig. 5 we show the time-averaged density-density cor-
relation function, g2�k , t�, in the stationary long-time regime

as a function of k for a lattice of 25 sites. This function
shows a maximum for k=2, while for larger intersite dis-
tances it approaches the constant value 1, i.e., no correla-
tions. As a consequence, we conclude that the density-
density correlations are only short ranged after the initial
period in which also long-ranged correlations are of impor-
tance.

D. Entanglement

We study the quantum and classical correlations and the
entanglement of two neighboring sites in this system by
means of the two-party correlation measure �22� and the
entanglement of formation �23�. These quantities can be di-
rectly related to the entries of the reduced density matrix
discussed previously.

1. Two-party correlation

The two-party correlation measure �22� is based on the
trace distance �24� and it is defined as

MC���12�� =
2

3
Tr���12� − ��1�

� ��2�� , �13�

where �A�
	A†A is the positive square root of A†A. Its
physical meaning is the distance between the state ��12� and
its reduced product state ��1� � ��2�. It takes into account both
the classical correlation between two sites and the quantum
coherence. It generalizes the classical distance in the sense
that if the two operators commute then it is equal to the
classical trace or Kolmogorov distance between the eigenval-
ues of ��12� and ��1� � ��2�. We show the time evolution
of this correlation measure in Fig. 6�a� for different sizes of
the ring.

Initially, for the vacuum state, there are no correlations.
Analogous to the previously analyzed quantities, MC exhibits
an N-independent short-time behavior which is characterized
here by large amplitude oscillations. It is followed by an
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FIG. 4. �Color online� Short-time behavior of the density-
density correlations g2�k , t� for N=25. Correlations emerge succes-
sively during the time evolution. Due to the perfect blockade con-
dition strong oscillations of g2�k , t� with a period k=2 are observed.
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FIG. 5. �Color online� Time-averaged density-density correla-
tions g2�k , t� for N=25. For distance k=1, the value is zero due to
the perfect blockade. g2�k , t� assumes a maximum for k=2 �next-
nearest neighbor�. For larger distances, only weak correlations are
visible.
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N-dependent regime, where MC presents smooth oscillations
around the mean value MC=0.19. As expected, the amplitude
of these oscillations decreases with increasing lattice size.

We are now interested in finding a classical counterpart to
this correlation measure. To this end, we make use of the
density matrix properties. The diagonal elements of a density
matrix represent the probability of finding the corresponding
configuration of the sites. For example, in ��12� �see Eq. �9��,
� and � represent the probability of the two sites to be in the
states �gg� and �gr� or �rg�, respectively; note that the sites
are indistinguishable. In the same way, the diagonal compo-
nents of the reduced product density matrix ��1� � ��2� pro-
vide the probability of the two sites being in the correspond-
ing product state, e.g., �1−��2 for state �g� � �g�.

We take these diagonal elements di
�12� and di

�1�2� of the
matrices ��12� and ��1� � ��2�, respectively, as classical prob-
ability distributions. The Kolmogorov distance between
these distributions is defined here as

MC
class���12�� 


2

3�
i=1

4

�di
�12� − di

�1�2�� , �14�

and it provides a classical measure of the two-party correla-
tion. In terms of the parameters of the density matrix this
quantity is reduced to

MC
class���12�� =

8

3
�2. �15�

The classical and the total two-party correlation functions are
presented in Fig. 6�b� for t
4�0 and 25 sites. One of the
main features due to the quantum behavior of the system is
the appearance of the two consecutive peaks of MC at
t=0.88�0 and t=1.09�0. Note that the classical counterpart
MC

class reproduces only the second maximum. Hence, the ex-
istence of the first one can be only justified by quantum
arguments. Due to the absolute values in expression �13�,
two discontinuities appear in the derivative of MC around
t�1.9�0 and t�2.3�0. They are, however, not observed in

MC
class since it only depends on the single, smoothly varying,

parameter of the density matrix, �.
To get a deeper insight into the quantum effects on the

correlations, the difference between the total two-party cor-
relation and the classical measure is shown in Fig. 7 as a
function of time. We have performed a fit to the local
maxima of this numerical difference using an exponential
decreasing function. The contribution of the quantum corre-
lations loses importance as time is increased and, at the same
time, the classical dynamics starts to dominate the correla-
tions between two neighboring sites.

2. Concurrence and entanglement of formation

For a general state of two qubits represented by means of
its two-particle density matrix �, the concurrence is given by
�23�

C��� = max�0,�1 − �2 − �3 − �4� , �16�

where the �i are the square roots of the eigenvalues, in de-
creasing order, of the matrix ��̃, where �̃ is the flipped matrix
of the two-qubit general state �, i.e.,

�̃�12� = ��y � �y����12�����y � �y� . �17�

The entanglement of formation of a state of two qubits is
defined as

E��� = h�1 + 	1 − C���2

2
� , �18�

with h�x�=−x log2 x− �1−x�log2�1−x�. This quantity pro-
vides a measure of the resources needed to create a certain
entangled state, and its range goes from 0 to 1.

Using the two-site density matrix describing our system
�9� and its corresponding flipped matrix, we obtain the fol-
lowing �i:

�1 = �� + ����; �2 = ��−����; �3 = �4 = 0. �19�

These values give rise to two different regimes for the con-
currence,

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

t (units of τ
0
)

M
C

(ρ
(1

2)
)

N=15
N=20
N=25

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

t (units of τ
0
)

M
C

M
C
class

(b)

(a)

FIG. 6. �Color online� �a� Time evolution of the two-party cor-
relation measure MC���12�� for long times and various lattice sizes.
�b� Short-time behavior of MC���12�� and its classical counterpart
for N=25.
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C���12�� = �2��� � � ���
2� � � ��� .� �20�

The first condition �� ��� always holds for any size N of the
lattice, so the concurrence yields

C���12�� = 2��� . �21�

The time evolution of the entanglement for the lattices
with sites N=15, 20, and 25 is presented in Fig. 8�a�, and an
enhancement of the behavior at short times for N=25 is
shown in Fig. 8�b�. Again, two different time domains can be
distinguished. For short times, the entanglement of formation
is independent of the ring size. Its maximal value,
E���=0.23, is reached at t=0.73�0; for a further increase in
time, E��� drastically decreases, e.g., the second peak at
t=2.05�0 is reduced roughly by 80%. In the long-time re-
gime, the entanglement becomes weaker with E��� eventu-
ally approaching zero with characteristic fluctuations for
each N. The amplitudes of these fluctuations become smaller
as N is increased.

V. NONPERFECT BLOCKADE

The above-discussed phenomena have been investigated
in the perfect blockade regime, which assumes that the en-
ergy scale associated to the van der Waals interaction is in-
finitely large compared to the one related to the laser inter-
action, i.e., ��1. Since the initial state has no Rydberg
excitations, the dynamics of the system is restricted to a
small subspace including those eigenstates of Hint with ei-
genvalue of zero. However, for finite values of �, the states
with 	=0 are coupled to those with 	�0 and, even more,
these higher excitations might influence the dynamics.

In this section, we go beyond the perfect blockade ap-
proach and explore these couplings including their effect of
up to the order 1 /�. We thereby derive an effective Hamil-
tonian by dividing the eigenstates of Hint into two sets, char-
acterized by their respective quantum number 	. The first set
of states is formed by the subspace 	=0, whereas the second
one contains the rest of energetically high-lying excitations.

In this framework, the Hamiltonian can be written as

H 
 �PHP PHQ

QHP QHQ
� , �22�

where P and Q are the projectors on the subspaces with
energy 	=0 and 	�0, respectively. A general wave function
can be decomposed as

� 
 �P�

Q�
� , �23�

and the time-dependent Schrödinger equation reads

i��t�P�

Q�
� = �PHP PHQ

QHP QHQ
��P�

Q�
� . �24�

Due to the large energetic gap between the different sub-
spaces and since the initial state is the vacuum, the transition
probability to states with E	�E0 is very small. Thus, we can
introduce an approximation assuming that the time variation
in Q� is very small and can therefore be neglected, i.e.,
�t�Q��=0. Hence, the equation of motion �24� is reduced to

i�t�P�� = �PHP − PHQ�QHQ�−1QHP��P�� . �25�

Note that in this expression, PHP
HP is the Hamiltonian
within the perfect blockade regime. Whereas, the second
term provides the first correction to this Hamiltonian and
represents the contribution of the couplings between the
	=0 and 	�0 subspaces. In practice, the subspace with
	=0 is only coupled to those with 	=1 and 2 �see Fig. 1� by
Hamiltonian �4�. As a consequence, the Hamiltonian can be
rewritten as

H 
�
HP �01 �02 0

�10 �� + �1 �12 �1R

�20 �21 2�� + �2 �2R

0 �R1 �R2 �R + �R

� , �26�

where the subscript R denotes the energetic levels with
	�2 and the �ab represent the part of the laser Hamiltonian
that couples the states of the subspaces with 	=a and 	�=b,
e.g., �01 represents the block that couples the 	=0 and
	�=1 subspaces. In expression �26�, QHQ can be decom-

posed into the sum of a diagonal matrix, �̄, including the
interaction between the subspaces, and a full matrix contain-

ing the couplings �̄,

QHQ = ��� 0 0

0 2�� 0

0 0 �R
� + � �1 �12 �1R

�21 �2 �2R

�R1 �R2 �R
� 
 �̄ + �̄ .

�27�

The inverse of this matrix can be approximated by

�QHQ�−1 =
1

�̄ + �̄
� �̄−1 − �̄−1�̄�̄−1 + ¯ , �28�

where we have used the Neumann series �I−T�−1=�n=0
� Tn for

a square matrix T whose norm satisfies that �T��1. Since
���ab for any a and b, this condition is accomplished for
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FIG. 8. �Color online� Time evolution of the entanglement of
formation for �a� long time and several sizes of the system and �b�
short time for N=25.
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T= �̄−1�̄. Finally, we obtain the following expression for the
effective Hamiltonian:

Heff = HP −
�01�10

��
−

�02�20

2��
+ O�1/�2� , �29�

where we only consider the first three terms and neglect
higher-order corrections.

Let us now discuss the regime of validity of the approxi-
mate Hamiltonian �29�. To this end it is instructive to study a
case in which the full Hamiltonian �4� is numerically trac-
table. This however, can only be done for a small number of
sites. In the absence of the laser the eigenstates of Hamil-
tonian �4� are those of Hint, i.e., the highly degenerate 	
manifolds. As soon as the laser is turned on this degeneracy
is lifted and all the 	 manifolds split up. However, if � is
sufficiently large the manifolds are still well separated. This
regime is presented in Fig. 9 where we show a histogram of
the eigenenergies �density of states� for a lattice with N=15
and �=20. Since in this case the system can contain at most
15 pairs of consecutive Rydberg atoms, we observe 15 mani-
folds, i.e., 0
	
15 �remember that the value 	=14 does
not exist, as we explained at the beginning of Sec. IV�. The
energetic separation between the central states of two neigh-
boring subspaces is given by �. A magnified view of the
spectral structure for the low-lying excitations is shown in
the inset of Fig. 9. Within the framework of the adiabatic
elimination the contribution of the 	=1 and 2 manifolds is
included up to order 1

� in the effective Hamiltonian �29�. The
validity of this approximation is restricted to parameter re-
gimes in which states belonging to different manifolds are
energetically well separated, e.g., two adjacent manifolds
must not overlap. For N=15, �=20 is the minimal value
needed to ensure this separation. For larger lattice sizes, the
value of � has to be increased since with growing N the 	
manifolds contain more and more states and thus become
successively broader. For example, the width of the 	=0
manifold scales proportional to N.

We have investigated the dynamics of a ring with N=20
sites in the framework of the adiabatic elimination using
�=25 and 35. In Figs. 10 and 11 we show the Rydberg
density and a density-density correlation function �for k=2�
and compare them with the results obtained within the per-
fect blockade approximation. The occurring deviations are
small. Only minor differences are observed at large times,
and we encounter relative errors below 6.5% and 4% for
�=25 and 35, respectively.

The results show that the approximated inclusion of
higher 	 subspaces in the dynamics only lead to small quan-
titative changes in the behavior of the investigated quantities.
As anticipated, the deviations reduce significantly as � is
increased. More qualitative differences are expected to occur
if the r−6 tail of the Rydberg-Rydberg interaction is properly
accounted for.

VI. CONCLUSIONS AND OUTLOOK

In this work we have performed a numerical analysis of
the laser-driven Rydberg excitation dynamics of atoms con-
fined to a ring lattice. By exploiting the symmetry properties
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of the system and employing the assumption of a perfect
Rydberg blockade, we were able to perform numerically ex-
act calculations in lattices with up to N=25 sites. Our find-
ings show that the temporal evolutions of the physical quan-
tities, e.g., the Rydberg density and the density-density
correlations, can be divided into two domains. For short
times, one observes an N-independent universal behavior
with large amplitude oscillations. For longer times, the dy-
namics is crucially determined by the lattice size and the
analyzed quantities appear to assume a quasi-steady-state
with only small temporal fluctuations. Moreover, we studied
the evolution of the entanglement as well as the quantum and
classical correlation of two neighboring sites. By separating
the quantum and classical parts of the two-party correlation,
we showed that quantum correlations between neighboring
sites decay rapidly as time passes. In addition, the entangle-
ment between neighboring sites turned out to be weak in the
long-time limit after a quick initial increase.

We eventually relaxed the perfect blockade condition by
taking into account higher excitation subspaces via adiabatic
elimination. Propagating the initial vacuum state with the
corresponding effective Hamiltonian only has a small effect
on the time evolution of the investigated quantities. More
quantitative changes are expected when including the long-
ranged tails of the interatomic interaction potential. This
however requires more powerful numerical methods, such as
t-DMRG �density matrix renormalization group� �25�, which
goes beyond the scope of this work.

In the present work we have been focusing on the dy-
namical properties of this system. A next step would be to
investigate the corresponding static properties, such as eigen-
states and eigenvalues. However, since physically the system
is at t=0 in the vacuum state it remains an open question
how the eigenstates can be actually accessed, for instance,
via an adiabatic passage incorporating a time-dependent
change of the laser detuning and its Rabi frequency. In addi-
tion, a rather natural extension would be to analyze the dy-
namics of these many-particle systems by means of a two-
dimensional description. Certainly, it is also of interest to
explore lattices with different geometries, e.g., square or tri-
angle. The different underlying symmetries are expected to
significantly affect the time evolution of these systems.
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