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Two-dimensional atomic arrays exhibit a number of intriguing quantum optical phenomena, including
subradiance, nearly perfect reflection of radiation, and long-lived topological edge states. Studies of emission and
scattering of photons in such lattices require complete treatment of the radiation pattern from individual atoms,
including long-range interactions. We describe a systematic approach to perform the calculations of collective
energy shifts and decay rates in the presence of such long-range interactions for arbitrary two-dimensional atomic
lattices. As applications of our method, we investigate the topological properties of atomic lattices both in free
space and near plasmonic surfaces.
DOI: 10.1103/PhysRevA.96.063801
I. INTRODUCTION

Quantum optical properties of lattices of atoms and atomlike emitters are being actively explored both theoretically and
experimentally [1–15]. In such lattices, atoms are assumed to
be confined such that tunneling between sites is negligible and
they interact via photon-mediated dipole-dipole interactions
giving rise to hybridized atom-photon bands. The photonic
band structure of three-dimensional (3D) atomic lattices has
been investigated in a number of studies [2–6]. Recently,
there has been significant interest in the photonic properties
of two-dimensional (2D) atomic lattices, which have been
shown to exhibit a variety of remarkable phenomena, including
subradiance [15–18], near perfect reflection of radiation
[12,14], and long-lived topological excitations [10,11].
In such lattices, a key distinction arises between the
radiative interatomic coupling that gives rise to collective
behavior and the radiative coupling to free-space modes that
leads to unwanted losses.
In order to fully account for the radiative loss of atoms, the
atomic coupling to all free-space modes, including propagating
long-range photons, has to be considered. Determining the
eigenmodes of the lattice in the presence of such long-range
interactions between atoms is a nontrivial task, requiring
careful treatment in order to obtain accurate results and to
understand the photonic properties of the lattice.
In this paper, we describe a general approach for the
calculation of photonic band structures in two-dimensional
atomic lattices with arbitrary lattice geometries. Previously,
general methods have been put forward [2–6] to accurately
calculate photonic band structures for 3D infinite atomic
lattices. Here, we make use of the general approach described
in Refs. [5,6] and focus on 2D lattices, where the axial
symmetry is broken along the third dimension. Previous
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photonic calculations involving infinite 2D atomic lattices
either were restricted to two-level atoms in a square lattice
[15], required summations in real space where convergence is
slow [11,14], or relied on the method that we will now describe
in detail [10]. As an application of our method, we study the
topological properties of both Bravais and non-Bravais lattices
in free space.
Furthermore, our formalism can also be used to describe
two-dimensional lattices of emitters near planar surfaces. As
an application, we study atomic lattices close to plasmonic
surfaces and describe their emerging topological character.
We note that studying the emission pattern of dipoles near
metallic surfaces has been an active research area for over
a century [19] and has been at the forefront of plasmonics
research over the past few years [20–27]. Our paper provides a
simple framework to study the collective decay rates into both
free-space modes and plasmonic channels of a periodic lattice
of dipolelike emitters near a metal surface, while also taking
into account realistic metallic dispersion.
Our paper is organized as follows. In Sec. II we describe a
general analytical approach to finding the Bloch modes of an
infinite two-dimensional atomic lattice. In Sec. III we apply
our formalism to analyze a non-Bravais square lattice and
a triangular lattice of atoms in free space and discuss their
topological properties. In Sec. IV we discuss a square lattice
and a triangular lattice of atoms in the vicinity of a silver
surface and discuss the topological properties of the latter.
Key results and conclusions are summarized in Sec. V.

II. GENERAL FORMALISM

We consider a 2D lattice of atoms in the x-y plane with
interatomic spacing a. The quantization axis ẑ is perpendicular
to the plane of the atoms. Each atom is assumed, for simplicity,
to have transitions from√
the ground state |g to the excited states
|σ±  = ∓(|x ± i|y)/ 2 and |π  = |z, which are excited by
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of the system density operator ρ(t), which in the single
excitation sector is given by
i
†
ρ̇ = − (Heff ρ − ρHeff )
h̄
+

N

6π h̄ 0 c 
ωA i,j =1 α,β=σ ,σ
+

− ,π

× Im Gαβ (ri − rj )|gi αi |ρ|βj gj |,
(3)
FIG. 1. Constituent atoms in the 2D atomic lattice. Each atom is
assumed to have one ground |g and three excited states |σ+ , |σ− ,
and |π  that can be Zeeman split by a magnetic field.

where the non-Hermitian effective spin Hamiltonian reads

N

 
0
ωA − i
|αi αi | + HZeeman
Heff = h̄
2
i=1 α=σ ,σ ,π
+

σ̂± and ẑ polarized light, respectively (Fig. 1). Note that our
formalism can be extended in a straightforward way to describe
atoms with different internal level structures as long as only a
single ground state is considered.
A. Hamiltonian

We use the dipole approximation to write down the
Hamiltonian describing the interaction of the atoms with the
quantized radiation field [5,6,28]:
H = h̄

N


ωA (|σ+,n σ+,n | + |σ−,n σ−,n | + |πn πn |)

n=1


+

d 3k



†

h̄ckak ak −



N


dn · E(rn ) + HZeeman ,

n=1

(1)
where N is the number of atoms, ωA = 2π c/λ is the atomic
transition frequency with wavelength λ, and c is the speed of
light in vacuum. Here |σ±,n σ±,n | and |πn πn | represent operators that only act on the subspace of the nth atom. The creation
and annihilation operators of the electromagnetic field satisfy
†
[ak ,ak ,  ] = δ,  δ(k − k ), where k is the wave vector with
magnitude k = |k| and  labels the two photon polarizations
ˆk perpendicular to k. The atomic transition dipole operator
is given by d = d(|σ+ g|σ̂+ + |σ− g|σ̂− + |π g|ẑ) + H.c.,
where we assume, for simplicity, that all three transition dipole moments are equal. The dipole operator couples to the quantized

 transverse electromagneticfield modes E(r) = d 3 k  [Ek ˆk ak eik·r + H.c.], where
Ek = i(2π )−3/2 [h̄kc/(20 )]1/2 and rn denotes the position
vector of individual atoms. The Hamiltonian accounting for
the Zeeman splitting of the atoms is given by
HZeeman = h̄

N


−


3π h̄ 0 c 
+
Gαβ (ri − rj )|αi βj |,
ωA i=j α,β=σ ,σ ,π
+

(4)

−

and 0 = d 2 ωA3 /(3π 0 h̄c3 ) is the radiative linewidth of a single
atom in free space and Gαβ (r) is the dyadic Green’s function
describing the dipolar spin-spin interactions (see Sec. II D).
Note that as part of the Markov approximation the only
frequency dependence is through the atomic frequency ωA
[15].
The first term on the right-hand side of Eq. (3) describes
the deterministic evolution of the atomic wave function
and includes dipole-dipole interactions mediated via photon
exchange, whereas the second term accounts for stochastic
quantum jumps [15,30–32]. In the absence of a driving field,
the dynamics in the single excitation sector is completely
characterized by the non-Hermitian Hamiltonian in Eq. (4),
since a quantum jump prepares the system in a trivial state
where all atoms are in their ground states and the system does
not evolve. Therefore, it is not necessary to keep track of
these quantum jumps and the system dynamics can be studied
without including the second term on the right-hand side of
Eq. (3). The time evolution of the system is then described by
the non-Hermitian Hamiltonian in Eq. (4) via the equation
Heff |ψ(t) = i h̄∂t |ψ(t),

(5)

where the overall decrease in amplitude reflects the dissipative
transfer of population to the ground state.
B. Bravais lattices

For an infinite periodic Bravais lattice, which has a single
atom per unit cell, the single excitation eigenmodes of Eq. (4)
are Bloch modes of the form

eikB ·Rn (c+ |σ+,n  + c− |σ−,n  + cz |zn ),
(6)
|ψkB  =
n

μB(|σ+,n σ+,n | − |σ−,n σ−,n |),

(2)

n=1

where μB is the Zeeman shift of the atomic levels with
magnetic moment μ due to an out-of-plane magnetic field
B = B ẑ.
Following the adiabatic elimination of the reservoir
degrees of freedom via the Born-Markov approximation
[2–6,15,28,29], we obtain a master equation for the evolution

where the summation runs over all lattice vectors {Rn }, kB is
the Bloch wave vector, and c+ , c− , and cz are constants that
depend, in general, on kB .
It is convenient to solve for and manipulate the
dyadic Green’s function in the Cartesian basis. Therefore, we transform Eqs.
√ (4) and (6) using the relation
|σ±  = ∓(|x ± i|y)/ 2 and perform all calculations in the
Cartesian basis in the rest of this paper.
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Using the Bloch ansatz for the wave function, finding the
eigenvalues EkB of the effective Hamiltonian Heff reduces to
diagonalizing the following 3 × 3 matrix M, the components
of which are given by
Mαβ = (ωA − i

0 /2)δαβ

+ ξαβ + χαβ ,

(7)

where α,β = x,y,z label the polarization components, and
δαβ is the Kronecker delta. Here ξαβ and χαβ stand for
the components of the complex matrices accounting for the
magnetic field and the atom-atom interactions, respectively,
and take the form
ξαβ = −iμB(δαx δβy − δαy δβx )

and the terms describing the atom-atom interactions take the
form
⎡
3π 0 c ⎣  ikB ·R1
e
Gαβ (R1 )δ1μ δ1ν
χαμ,βν =
ωA(1) R1 =0

+
eikB ·R1 Gαβ (R1 + b)δ1μ δ2ν
R1

+

χαβ =

3π 0 c  ikB ·R
e
Gαβ (R).
ωA R=0

(8)

(9)

C. Non-Bravais lattices

For an infinite periodic non-Bravais lattice, with m sites per
unit cell, the single excitation eigenmodes of Eq. (4) are Bloch
modes of the form [33]

n

 b b
b
b
σ+,n + c−
σ−,n
+ czb znb , (10)
eikB ·Rn c+

b=1

where b labels the different atoms within the unit cell. In
this case, the eigenmodes of the system are obtained by
diagonalizing a 3m × 3m matrix.
For simplicity, we focus on non-Bravais lattices with
two sites per cell, but the formalism can be extended in a
straightforward way to include more sites per cell. For m = 2,
the non-Bravais lattice can be thought of as a lattice arising
from the union of two sublattices {R1 } and {R2 }, which are
shifted with respect to each other by the basis vector b that
points from one site to the other within the periodic unit cell.
With this notation, the matrix components of the relevant 6 × 6
complex matrix M are given by

Mαμ,βν = ωA(1) − i 0 2 δαβ δ1μ δ1ν + ξαμ,βν

+ ωA(2) − i 0 2 δαβ δ2μ δ2ν + χαμ,βν , (11)
where ωA(1) and ωA(2) are the transition frequencies of the atoms
located on the two sublattices, while μ and ν are sublattice
labels than run over μ,ν = 1,2. The terms accounting for the
magnetic-field interaction are given by
ξαμ,βν = −iμB(δαx δβy − δαy δβx )(δ1μ δ1ν + δ2μ δ2ν ),

eikB ·R2 Gαβ (R2 )δ2μ δ2ν



⎤

eikB ·R2 Gαβ (R2 − b)δ2μ δ1ν ⎦,

(13)

R2

The matrix M captures how the energy levels, decay rates,
and internal level couplings of a single atom are affected by
the magnetic field and the presence of all the other atoms in
the periodic lattice for a given Bloch vector kB . For example,
the matrix element χxy captures how the |x state of an
individual atom is affected by the couplings to the |y states
of all the other atoms in the lattice. The diagonalization of M
yields three complex eigenvalues for each value of the Bloch
vector kB of the form EkB = ωkB − iγkB , where the real part
ωkB corresponds to the energy of the Bloch eigenmode and the
imaginary part γkB characterizes the overall decay rate of the
mode.

m



R2 =0

+

and

|ψ =
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(12)

where we have used the fact that |ωA(1) − ωA(2) |/ωA(1)  1 to
replace all occurrences of ωA(2) with ωA(1) in χαμ,βν and factor
out a common prefactor. In Eq. (13) the first term on the
right-hand side describes how atoms in sublattice {R1 } affect
each other, whereas the second term describes how atoms in
sublattice {R1 } are affected by atoms in sublattice {R2 }. The
third and fourth terms can be interpreted similarly.
In principle, the eigenmodes of the lattice can be directly
calculated from Eqs. (7) and (9) for Bravais lattices, and
Eqs. (11) and (13) for non-Bravais lattices for arbitrary lattice
geometries using the expression for the Green’s function in
real space and summing over all lattice sites. However, in the
presence of long-range interactions, as, for example, in free
space, the summation over the lattice sites converges very
slowly, making accurate numerical computations difficult.
Furthermore, in certain geometries, e.g., near planar surfaces
(see Sec. IV), no closed-form expression exists for the Green’s
function in real space. Below we describe a method to
perform the relevant summations in momentum space, where
convergence is fast and the expression for the Green’s function
in momentum space can be used for the calculation, which is
typically easier to obtain than the equivalent expression in real
space.
D. Dyadic Green’s function

The dyadic Green’s function Gαβ that appears in Eqs. (3),
(4), (9), and (13) is the solution of the dyadic equation [34]
ω2
Gαβ (r,r ) − (∂α ∂ν − δαν ∂η ∂η )Gνβ (r,r )
c2
(14)
= δαβ δ(r − r ),

ε(ω,r)

where r = x x̂ + y ŷ + zẑ and r = |r|. Summation is implied
over repeated indices. The dielectric permittivity ε(ω,r) is
potentially spatially inhomogeneous and frequency dependent and we assume a nonmagnetic medium with magnetic
permeability μ(ω,r) = 1. Physically, the Green’s function
describes the electromagnetic radiation at position r emitted
by a pointlike dipole oscillating at frequency ω at position r .
In free space, the permittivity is ε = 1 and Eq. (14) has
a closed-form solution for the free-space dyadic Green’s
function G0,αβ (see Appendix A). The components of the
Green’s function with radiating boundary conditions are given
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by [34,35]

F. Green’s-function regularization and quantum fluctuations



i
1
eikr
δαβ
1+
−
G0,αβ (r) = −
4π r
kr
(kr)2



xα xβ
3
3i
δαβ δ (3) (r)
+
+ −1−
, (15)
+
2
2
kr
(kr)
r
3k 2
where k = ω/c and we have used the fact that the Green’s function only depends on r − r to write it with a single argument.
This is the well-known expression describing dipole-dipole
interactions in free space, which can also be derived using
conventional quantum optical techniques [36,37].
In the presence of planar interfaces, the expression for
the dyadic Green’s function gets more complicated and the
components can be evaluated in a closed form only in
momentum space. The explicit expressions for the momentumspace components of the Green’s function near planar surfaces
are described in detail in Appendix D.

In order to evaluate the right-hand side of Eq. (17), special
care has to be taken. While the left-hand side of Eq. (17)
is finite and physically meaningful, the two terms on the
right-hand side diverge individually—only their difference is
finite. An established technique to avoid such divergences is
to take into account the quantum fluctuations of the particles
[5,6]. These fluctuations “smear out” the divergent part of
the Green’s function at r = 0 over a finite volume, making
it finite. In practice, this can be achieved by averaging the
free-space Green’s function with respect to the ground-state
wave function of a harmonically trapped atom [5,6]:

G∗αβ (r) = d 3 q G0,αβ (r − q)|ψ0 (q)|2 ,
(21)
where ψ0 (q) is the ground-state wave function of a quantum
2
harmonic oscillator of frequency ωho = h̄/(2maho
) given by
1
2
2
e−q /2aho .
|ψ0 (q)|2 = √
3
( 2π aho )

E. Summation in momentum space

From Eq. (15) it is clear that the Green’s function decays
as ∼ 1/r in the far-field limit. In the presence of such longrange interactions between atoms it is desirable to perform the
summations in Eqs. (9) and (13) in momentum space, where
all sums converge rapidly as previously noted. The summation
in position space is transformed to a summation in momentum
space using the following form of Poisson’s identity:

R

ei(px-y +kB )·R =

1 
(2π )2 δ (2) (px-y + kB − G),
A G

(16)

where px-y = px x̂ + py ŷ, A is the area of the unit cell, and
the reciprocal-lattice vectors {G} are related to the lattice
vectors {R} by G · R = 2π m for integer m [38]. Making use
of Eq. (16), we obtain


eikB ·R Gαβ (R) =
eikB ·R Gαβ (R) − Gαβ (0)
R=0

R

=

1 
gαβ (G − kB ; 0) − Gαβ (0), (17)
A G

Performing this integral with r = 0 yields the following nondivergent closed-form expression for the fluctuation-averaged
Green’s function at the source [5,40]:
√


erfi(kaho / 2) − i
k
∗
Gαβ (0) =
6π
e(kaho )2 /2

(−1/2) + (kaho )2
δαβ ,
−
(23)
(π/2)1/2 (kaho )3
√ b
where erfi(b) = 2/ π 0 dy exp(y 2 ) is the imaginary error
function.
The regularization techniques of Refs. [5,6] can be
specialized to the two-dimensional lattice to derive the
fluctuation-averaged Weyl decomposition of the Green’s func∗
tion gαβ
(px-y ; 0) in the z = 0 plane (see Appendix B for details
of the derivation). The components of the resulting expression
are given by

∗
(px-y ; 0) = k 2 − px2 I0 ,
gxx

∗
gyy
(px-y ; 0) = k 2 − py2 I0 ,
∗
(px-y ; 0) = (k 2 I0 − I2 ),
gzz

where we have used the Weyl decomposition of the Green’s
function in terms of 2D plane waves [39], which is defined via

dpx dpy
Gαβ (r) =
gαβ (px-y ; z)ei(px x+py y) .
(18)
(2π )2
In free space the Weyl decomposition is given by (see
Appendix A)

dpz ipz z 1 k 2 δαβ − pα pβ
gαβ (px-y ; z) =
e
,
(19)
2π
k2
k 2 − p2
where p = px2 + py2 + pz2 . Following similar reasoning, we
also obtain

1 
eikB ·R Gαβ (R ± b) =
gαβ (G − kB ; 0)e±ib·(G−kB ) .
A
R
G

(22)

∗
∗
gxy
(px-y ; 0) = gyx
(px-y ; 0) = −px py I0 ,

(24)

∗
∗
gxz
(px-y ; 0) = gzx
(px-y ; 0) = 0,
∗
∗
(px-y ; 0) = gzy
(px-y ; 0) = 0,
gyz

where
π e−aho 

2

I0 (px ,py ) = C
and

(20)
063801-4
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aho 
−i + erfi √
,
2

(25)

√


I2 (px ,py ) = C

2

−

2π
aho

+ e−aho 
2

2

/2




aho 
. (26)
π  −i + erfi √
2
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The functions C and  depend on px and py and their explicit
form is given by
C(px ,py ) =
and

1 −aho2 (px2 +py2 )/2
e
2π k 2


(px ,py ) = k 2 − px2 − py2

1/2

 0.

(27)

(28)

We note that the last two lines in Eq. (24) are identically
zero, since the polarization of the radiation emitted by a
dipole is always parallel to the dipole orientation in the plane
perpendicular to the dipole.
After substituting the regularized expressions from
Eqs. (23) and (24) into Eqs. (17) and (20), we may use Eqs. (7)
and (9) [or Eqs. (11) and (13)] to obtain the eigenmodes of any
Bravais (or non-Bravais) 2D lattice in the presence of atomic
fluctuations.
Furthermore, the eigenmodes for pointlike atoms (that are
pinned to their lattice sites) can also be obtained through the
simple modification of the fluctuation-averaged expressions
for the Green’s function. In particular, it can be shown (see
Ref. [5] and Appendix C) that the expression
1  ∗
2 2
g (G − kB ; 0) − G∗αβ (0)
(29)
ek aho /2
A G αβ
approaches an aho -independent value as the limit aho → 0 is
taken. Therefore, when aho  1/k, the following approximation holds:
2 2

ek aho /2  ∗
ikB ·R
e
Gαβ (R) ≈
gαβ (G − kB ; 0) − G∗αβ (0).
A
R=0
G
(30)
Using this approximation in Eq. (9) or Eq. (13), we obtain
the eigenmodes for arbitrary 2D lattice geometries made up of
pointlike atoms.
The regularized expressions given above provide a straightforward, efficient, and accurate way of calculating the eigenmodes of any 2D lattice composed of pointlike or fluctuating
atoms. Since we perform the summations in momentum space,
only a few dozen reciprocal-lattice sites have to be included
for full convergence. This contrasts sharply with performing
summations in real space, where convergence often remains
an issue even after tens of thousands of lattice sites have
been included. To illustrate our formalism, we analyze below
particular examples of 2D atomic lattices in free space and
near planar metallic surfaces.
III. ATOMIC LATTICES IN FREE SPACE

As an application of our formalism, we study 2D atomic
lattices in free space. We focus on two examples—a nonBravais square lattice of three-level atoms and a triangular
lattice of three-level atoms—and discuss their topological
properties.
A. Non-Bravais square lattice of three-level atoms

As our first example, we consider a non-Bravais square
lattice of closely spaced (a ≈ λ/20) atoms in free space

FIG. 2. (a) Non-Bravais square lattice of atoms in free space.
Atoms marked in red (green) have resonant frequency ωA(1) (ωA(2) =
ωA(1) + δω). Each atom has two excited states |σ+  and |σ−  that are
Zeeman shifted by ±μB in the presence of an out-of-plane magnetic
field B. (b) Part of the photonic band structure of the lattice for B = 0.
Green dashed lines mark the edges of the light cone. Modes that
have quasimomentum kB < ωkB (green shaded region) can couple
to free-space modes of the same momentum, making them short
lived. Modes that have quasimomentum kB > ωkB cannot couple to
free-space modes and are long lived. Decay rates of the modes are
color coded. Bands are degenerate near the midpoint of the line joining
the X and points. (c) An out-of-plane magnetic field (μB = 20 0 )
opens a gap ( = 7 0 ) between the bands (gray shaded region). The
bands acquire nontrivial Chern numbers (purple numbers). Relevant
parameters are λ = 790 nm, δω = 30 0 , 0 = 2π × 6 MHz, and a =
0.054λ.

as shown schematically in Fig. 2(a). The properties of a
non-Bravais honeycomb lattice in free space were studied
previously in Ref. [10], where long-lived topological edge
states were shown to exist on the system boundaries. Here, we
show that a non-Bravais square lattice also supports long-lived
topological edge excitations. These results demonstrate that
these topological phenomena are not confined to any particular
non-Bravais lattice geometry. Later, we will also see that these
results stand in contrast with those obtained in Bravais lattices,
where edge excitations are short lived.
The atomic non-Bravais square lattice lies in the x-y
plane with the quantization axis set along the z axis and the
interatomic spacing is a. Each atom is assumed to have two
excited states |σ+  and |σ− , which can be excited by σ̂+ and
σ̂− polarized light, respectively. Note that the atoms could
also have a transition to the |z state, but from Eq. (15) [see
also Eq. (24)] it follows that Gxz = Gzx = Gyz = Gzy = 0 in
the x-y plane and, therefore, the σ± transitions are decoupled

063801-5

J. PERCZEL et al.

PHYSICAL REVIEW A 96, 063801 (2017)

from the transition to the |z state and we can ignore the latter.
The lattice is assumed to consist of atoms of two different
resonant transition frequencies ωA(1) [red atoms in Fig. 2(a)]
and ωA(2) = ωA(1) + δω (green atoms), where δω is a nonzero
energy shift that may originate from having two different
atomic species or a position-dependent Stark shift. Here we
assume that the atoms are pointlike and their position is fixed.
First, we consider the atomic lattice in the absence of a magnetic field. After substituting Eqs. (20) and (30) into Eq. (13),
we diagonalize the matrix in Eq. (11) to obtain the complex
eigenvalues EkB = ωkB − iγkB for each Bloch vector kB inside
the Brillouin zone. Figure 2(b) shows the resulting band structure along the lines joining the high-symmetry points , M, and
X inside the irreducible Brillouin zone [see inset of Fig. 2(b)].
The decay rates of the modes (γkB ) are shown using
a color code. The edges of the light cone are marked by
green dashed lines at kB = 2π/λ. These lines correspond to
free-space modes propagating in the x-y plane with maximal
in-plane momentum kB = ωkB /c. All other free-space modes
have an in-plane momentum component that satisfies kB <
ωkB /c [green shaded region in Fig. 2(b)]. The hybridized
atom-photon modes of the atomic lattice with quasimomentum
kB < ωkB /c can couple to free-space modes with matching
momentum and energy, making these lattice modes short lived.
In contrast, lattice modes with quasimomentum kB > ωkB /c
cannot couple to any of the free-space modes due to the
momentum mismatch (since k|k   = δkk in the momentum
eigenbasis) [10,15]. Therefore, lattice modes with kB > ωkB /c
are decoupled from free-space modes and do not decay when
the lattice is infinite.
This distinction between short-lived modes inside the light
cone and long-lived modes outside the light cone is well known
in the literature of photonic crystal slabs, where periodic
subwavelength dielectric structures are used to confine light
in quasi-2D structures [41]. We also note that even though the
edges of the light cone indeed trace out a conical shape in k
space the dashed green lines in Fig. 2(b) appear vertical, as we
are only looking at a small energy range of a few linewidths
around the atomic transition frequency and 0  ωA at optical
frequencies.
Due to the underlying symmetries of the lattice, the bands in
Fig. 2(b) form Dirac cones along the paths joining the point
with the four X points and there is a quadratic degeneracy at
the point. These degeneracies arise due to the degeneracy of
the |σ+  and |σ−  transitions in the absence of a magnetic
field. When a magnetic field B = B ẑ is switched on, the
energy levels of the |σ±  transitions are shifted by ±μB due to
Zeeman splitting. Breaking the degeneracy of the |σ+  and |σ− 
transitions lifts the degeneracy of the bands and a complete
band gap forms across the Brillouin zone [gray shaded band
in Fig. 2(c)].
We investigate the topological character of the bands by
calculating their Chern numbers [42], which are defined via
the integral

1
(31)
C=
∇kB × A(kB ) · dkB .
2π
The integral is performed over each band inside the irreducible
Brillouin zone and the integrand is the curl of the “Berry

FIG. 3. (a) Periodic strip of atoms in a non-Bravais square lattice.
Each edge has edge modes propagating only in a single direction.
(b) Modes that propagate on the upper (lower) edge are marked by
squares (diamonds) in the band-structure diagram. Extended bulk
modes are marked with dots. There are two sets of edge modes on
each boundary. Decay rates of modes are color coded. The edge
modes cross the gap with quasimomentum kB > ωkB and thus are
long lived. Parameters are the same as in Fig. 2(c). The spectrum
was obtained for a 80 × 40 lattice of atoms with periodic boundary
conditions along one direction. A state is classified as an edge state
on the (upper) lower boundary if the excitation probability on the top
(bottom) four rows is at least 15 times the excitation probability on
the bottom (top) four rows.

curvature,” which is defined via
A(kB ) = ψkB |i∇kB |ψkB ,

(32)

where ψkB is the wave function of the Bloch mode with Bloch
momentum kB . We use the discretization method in Ref. [43]
to numerically obtain the Chern numbers for the bands. The
resulting nonzero Chern numbers for the bands above and
below the gap are shown in Fig. 2(c). The four Dirac points
between the two middle bands contribute +2 and −2 to the
Chern numbers of the upper and lower bands, respectively. At
the same time, the quadratic degeneracy between the top two
bands contributes +1 and −1 to the upper and lower bands,
respectively. Thus the three bands, from top to bottom, acquire
Chern numbers +1, (+2 − 1) = +1, and −2.
Band gaps between topological bands are associated with
edge states [42]. We investigate the spectrum of edge states
by finding the eigenmodes of a periodic strip of the atomic
lattice [see Fig. 3(a)]. The calculation proceeds by defining
an M × N lattice of atoms in real space, where the lattice
has periodic boundary conditions along the first direction
[Fig. 3(a)]. The interactions between atoms is calculated using
Eq. (4) and the range of the interactions is truncated after M/2
sites [44]. The wave functions of the resulting eigenmodes are
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then Fourier analyzed to find kx , the component of the Bloch
quasimomentum along the x axis, associated with each mode.
Figure 3(b) shows the spectrum of Heff for such a configuration, where the eigenenergies are plotted versus kx . Edge
modes on the lower and upper boundaries of the strip are
marked by diamonds and squares, respectively. The edge states
cross the gap connecting the two bulk bands. Since the sum
of the Chern numbers above and below the band gap is +2
and −2, respectively, there are two sets of edge modes on
each boundary. Note that both sets of edge modes on the lower
boundary carry energy to the right, whereas both sets of modes
on the top boundary carry energy to the left. Since energy flow
is unidirectional on each boundary, these edge states carry energy forward without backscattering. Crucially, we find that the
edge modes cross the gap outside the light cone with quasimomenta kB > ωkB /c. Therefore, these edge states do not couple
to free-space modes due to the momentum mismatch, making
them long lived with decay rates much smaller than 0 /2. This
suppression of losses is the key result, which leads to long-lived
edge excitations. Such edge excitations can carry energy
around the boundaries of the lattice with minimal losses.
Figure 4 shows a snapshot of the excitation probabilities
during the no-jump time evolution of the system when a single
atom is continuously excited by a laser on the boundaries of the
lattice. If the driving field is weak, the dynamics are essentially
captured by the single excitation description introduced above.
We add to Eq. (10) the ground-state component +cg |g∗  of
the driven atom and |g∗  is coupled to the excited states
|σ+,∗  and |σ−,∗  of the atom by adding the driving terms
(t)(|σ+,∗ g∗ | + |σ−,∗ g∗ | + H.c.) to the effective Hamiltonian Heff . We obtain the time-evolved wave function at
time t by numerically finding |ψ(t) = exp (−iHeff /h̄t)|ψ(0),
where the excitation is initially in the ground state of the driven
atom (|g∗ |ψ(0)|2 = 1). The laser is resonant with the edge
states inside the band gap and is switched on adiabatically to
avoid exciting nonresonant modes. We find that approximately
96% of the excitation emitted by the atom is coupled into
the edge modes carrying energy in the clockwise direction,
while coupling into modes circulating anticlockwise and into
the bulk modes is strongly suppressed due to the gap and
topology. Given the absence of channels for backscattering and
highly suppressed coupling to free-space modes, the excitation
routes around corners with approximately 97% efficiency as
well as around the irregular defect with approximately 86%
efficiency. We emphasize that these results illustrate the key
point that topological quantum optical systems are protected
against both losses into free space and large defects in the
lattice. We also note that qualitatively similar results were
obtained in the non-Bravais honeycomb lattice in Ref. [10].
B. Triangular lattice of three-level atoms

Topological photonic bands in atomic lattices can also be
obtained when a ≈ λ/2—a trapping regime that is routinely
explored in cold atom laboratories worldwide [45]. Figure 5(a)
shows a triangular Bravais lattice of atoms in the x-y plane in
free space with a = λ/2 and quantization axis along the z axis.
As in the case of the non-Bravais square lattice, each atom is
assumed to have two excited states |σ+  and |σ− .
Initially, we assume pointlike atoms in zero magnetic
field. After substituting Eq. (30) into Eq. (9), we diagonalize
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FIG. 4. Snapshot of the time evolution (at t = 11.1 0−1 ) of a finite
non-Bravais square lattice in free space with an irregular defect.
An atom on the edge (marked by the red star) is driven by a
laser (see inset). The color code depicts the excitation probability
|ψ(t)|σ+i |2 + |ψ(t)|σ−i |2 at each site. Approximately 96% of the
emitted excitation is coupled into the forward direction. Emission
into bulk modes and the backward edge modes is suppressed. The excitation goes around the corners and routes around the large, irregular
defect, which demonstrates the robustness of the topological excitation to disorder. Relevant parameters are N = 1576, λ = 790 nm,
δω = 30 0 , 0 = 2π × 6 MHz, a = 0.054λ, and μB = 20 0 . The
strength of the drive is  = 0.1 0 and the driving frequency is
ωL = ωA + 18 0 . The driving laser is adiabatically switched on
with a Gaussian profile (t) =  exp(−[t − 4.5 0−1 ]2 /[1.35 0−2 ])
for t < 4.5 0−1 .

the matrix in Eq. (7) to obtain the complex eigenvalues.
Figure 5(b) shows the band structure along lines joining the
high-symmetry points , K, and M of the Brillouin zone [see
inset of Fig. 5(b)].
The decay rates of the modes γkB are encoded using a color
code and the light cone edges are marked by green dashed lines.
Given the a = λ/2 spacing of the atoms, the boundaries of the
irreducible Brillouin zone are close to the light cone edges.
Therefore, the modes are decoupled from free-space modes
only in a small region near the perimeter of the irreducible
Brillouin zone.
The bands in Fig. 5(b) form a Dirac cone at the K point and
a quadratic degeneracy at the point. When a magnetic field
B = B ẑ is switched on, the degeneracies are lifted and a small
gap forms across the Brillouin zone [shaded band in Fig. 5(c)].
The bands acquire nonzero Chern numbers (purple numbers)
indicating the topological nature of the bands.
Figure 5(d) shows the band structure in the presence of
a magnetic field when the fluctuations of the atoms are
taken into account. The plot is obtained by substituting the
regularized expressions from Eqs. (23) and (24) into Eq. (17)
and diagonalizing Eq. (7) with a = λ/2 and aho = 0.4a. Since
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making them short lived. This makes energy transfer with
these edge states impractical. The spacing of the atoms can be
reduced slightly to increase the size of the Brillouin zone and
establish larger areas that are outside the light cone. However,
as the spacing between atoms is reduced, the gap size gradually
decreases and closes before the edge states cross the edges
of the light cone. This stands in contrast with the case of a
honeycomb lattice of atoms, where the gap size increases as
∼ 1/a 3 with decreasing interatomic distance [10].
Qualitatively similar results can be obtained in a square
Bravais lattice of atoms with a ≈ λ/2 and identical atomic
level structure. In this case, quadratic degeneracies form both
at the and M points. A magnetic field lifts the degeneracies,
opening a gap. The size of the gap varies with interatomic
spacing and is non-negligible ( ∼ 0.5 0 ) only when a ≈
λ/2. The maximum gap size is generally smaller in the square
lattice than for a triangular lattice with similar parameters, as
the Brillouin zone of the square lattice is less circular than that
of the triangular lattice [46].
IV. ATOMIC LATTICES NEAR A METALLIC
PLANAR SURFACE

FIG. 5. (a) Triangular lattice of atoms with interatomic spacing
a in free space. Each atom has two excited states |σ+  and |σ− 
with Zeeman splitting ±μB due to an out-of-plane magnetic field
B. (b) Photonic band structure for B = 0 and pointlike atoms pinned
to their lattice sites. Green dashed lines mark the light cone edges.
Modes with quasimomentum kB < ωkB (green shaded region) couple
to free space, making them short lived. Modes with quasimomentum
kB > ωkB are long lived. Decay rates of the modes are color coded.
Bands are degenerate at the and K points. (c) A transverse magnetic
field (μB = 0.5 0 ) opens a small gap ( = 0.5 0 ) between the bands
(gray shaded region). The bands acquire nontrivial Chern numbers
(purple numbers). (d) When the atoms fluctuate around the lattice
sites, the size of the gap is reduced. Here the amplitude of fluctuations
is aho = 0.4a. Relevant parameters for all three plots are λ = 790 nm,
0 = 2π × 6 MHz, and a = λ/2.

fluctuations smear out the relative phases between sites, the
band gap becomes smaller relative to the case when atoms
were assumed to be pointlike. For even larger fluctuations the
gap closes. We note that the band structure is not significantly
affected by fluctuations as long as aho  0.15a.
The presence of the gap between the topologically nontrivial bands implies that, for a finite lattice, edge states appear on
the system boundaries. However, since the boundaries of the
light cone are very close to the boundaries of the irreducible
Brillouin zone, all edge states will fall within the light cone.
Therefore, all edge states couple to the free-space modes,

The study of dipole-like atomic emitters near metallic
surfaces has received significant attention lately as part of
recent research efforts into plasmonics [20–27]. The technique
developed so far can be extended in a straightforward way
to describe atomic lattices in the vicinity of planar metal
surfaces as long as the plane of the atomic lattice is parallel
to all surfaces, thus ensuring that translational invariance is
preserved in the x-y plane. Here, we analyze atoms placed
near a single metal-dielectric interface. In Appendix D, we
also discuss how our method generalizes to describe atomic
lattices in the presence of arbitrarily layered planar media.
We assume that the plane of the atomic lattice lies at z = 0
and the metal-dielectric interface is located at a distance h
below the dipoles at z = −h. The eigenmodes of the atomic
lattice are then obtained from Eqs. (7) and (11) by substituting
Gαβ into Eqs. (9) and (13), where Gαβ is the solution of Eq. (14)
with the following spatially inhomogeneous and frequencydependent permittivity:

ε ,
if z > −h
ε(ω,r) = d
,
(33)
εm (ω) < 0, if z < −h
where εd is the permittivity of the dielectric and εm (ω) is the
frequency-dependent permittivity of the metal. In the presence
of a planar interface, there is no known closed-form solution
for Gαβ in position space. In contrast, it is possible to exactly
solve for the Weyl decomposition gαβ (px-y ; z) in momentum
space in the presence of arbitrarily layered planar media (see
Appendix D for more details), which allows us to efficiently
perform the band-structure calculations using the expressions
Eqs. (17) and (20) [47].
For illustration, below we analyze two examples of atomic
lattices near plasmonic surfaces—a square lattice of four-level
atoms featuring a nontopological gap and a triangular lattice
of three-level atoms giving rise to topological gaps.
A. Square lattice of four-level atoms

As our first example, we consider a square lattice of atoms in
free space (εd = 1) near a silver surface as shown in Fig. 6(a).
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FIG. 6. (a) Square lattice of atoms with interatomic spacing a
and distance h from a silver surface. Each atom has three transitions
to the |σ+ , |π , and |σ−  states. (b) Band structure of the lattice.
Green dashed lines mark the edges of the free-space light cone (green
shaded region); purple dashed lines show the plasmonic dispersion of
the metal surface. The decay rate of the modes is color coded. Due to
the strong coupling of the |π  state to the plasmons, a nontopological
gap opens in the spectrum (gray shaded region). Relevant parameters
are λ = 737 nm, 0 = 2π × 0.95 MHz, a = λ/3, and h = λ/10.

Each atom is assumed to have three excited states |σ+ , |σ− ,
and |π , which are excited by σ̂+ , σ̂− , and ẑ polarized light.
The atoms are assumed to be very close to the surface h  λ,
such that coupling to plasmons is strong at optical frequencies.
For the frequency-dependent dielectric permittivity of metal
we use the material properties reported for single-crystal
silver in Ref. [27], which were experimentally shown to give
rise to propagation distances on the order of 150−200λ for
plasmons at optical frequencies. Therefore, we disregard the
imaginary part of the permittivity with the understanding that
the propagation distance of the hybrid atom-plasmon modes
of the lattice is eventually limited by ohmic losses. For a
discussion of the notion of band gaps in the presence of losses
see Ref. [1].
Figure 6(b) shows the band structure of the atomic lattice
near the metal surface with a = λ/3 and h = λ/10. Due to the
proximity of the metal surface, the in-plane components of the
electromagnetic field are small. Therefore, the bare resonant
energy ωA of the |σ+  and |σ−  transitions of the individual
atoms is not strongly affected by the presence of the other
atoms, resulting in the two nearly flat bands near ωA . In contrast, the |π  transition couples strongly to plasmons, which are
predominantly polarized along ẑ. The strong interaction splits
the ẑ polarized band into two bands [top and bottom band in
Fig. 6(b)], resulting in a (nontopological) band gap. At energies
inside the band gap no plasmonic modes can propagate.
The edges of the light cone are marked by green dashed
lines in Fig. 6(b). For frequencies far away from the plasma
frequency, the plasmonic modes fall just outside the edges of
the light cone. These plasmonic modes are marked by magenta
dashed lines in Fig. 6(b). Modes within the light cone couple
strongly to free-space modes, whereas modes outside the light
cone do not decay.

FIG. 7. (a) Triangular lattice of atoms with transitions to the |σ+ 
and |σ−  states near a metal surface. (b) Band structure of the lattice
for B = 0. Green dashed lines mark the edges of the free-space light
cone (green shaded region); purple dashed lines show the plasmonic
dispersion of the metal surface. The decay rate of the modes is color
coded. Bands are degenerate at the and K points. (c) A transverse
magnetic field (μB = 0.5 0 ) opens two small gaps between bands
that have nontrivial Chern numbers. The relevant parameters are λ =
437 nm, 0 = 2π × 0.95 MHz, a = λ/1.95, and h = λ/15.
B. Triangular lattice of three-level atoms

Hybridized atom-plasmon-photon bands may also have
topological character in the proximity of the metal surface.
Figure 7 shows a triangular lattice of three-level atoms with
V-level structure near a metal surface, where the transition
to the |π  state is not included since it decouples completely
from the transition to the |σ+  and |σ−  states (see discussion
in Sec. III A). The |σ+  and |σ−  transitions are assumed to be
near-UV (λ = 437 nm). Such transitions are favorable, since
at higher frequencies the plasmons get more tightly confined
to the metal surface and the in-plane components of the
plasmonic fields increase, making interactions with the |σ± 
transitions stronger. Figure 7(b) shows the band structure in the
absence of a magnetic field. A quadratic degeneracy forms at
the point and a Dirac point is found at the K point, just as in
free space. Applying a magnetic field lifts the degeneracies and
opens up two small gaps in the spectrum [gray shaded bands
in Fig. 7(c)] and the bands acquire nontrivial Chern numbers
(purple numbers). The bands remain topological even if atoms
with longer transition wavelength are used. However, in this
case the interactions will be weaker, making the “avoided
crossings” of bands smaller, and the gap disappears. Note
that the band structures in Figs. 7(b) and 7(c) are qualitatively
similar to the band structures obtained for a triangular lattice

063801-9

J. PERCZEL et al.

PHYSICAL REVIEW A 96, 063801 (2017)

of atoms in free space [Figs. 5(b) and 5(c)]. The key difference
is that in Fig. 7 the uppermost band asymptotically approaches
the unperturbed plasmonic modes of the metal surface (purple
dashed lines) for ωkB  ωA , whereas in Fig. 5 the decay rate
of the uppermost band diverges as the edges of the light cone
are approached, effectively dissolving the band [10].

V. CONCLUSIONS

We have described a general method for calculating the
photonic band structure for infinite two-dimensional atomic
lattices in free space and near planar surfaces with arbitrary
Bravais and non-Bravais geometries. This method takes into
account the full radiation pattern emitted by individual atoms,
which gives rise to long-range interactions that scale as ∼1/r.
By performing the required summations in momentum space
rather than in real space, calculation of collective energy shifts
and decay rates can be performed efficiently. This method
makes it possible to account for atomic position fluctuations
and can be extended to describe atomic lattices near metallic
surfaces.
As applications of our method, we studied non-Bravais
square lattices and triangular Bravais lattices in free space and
investigated their topological properties, including topological
edge states in the band gap. We also obtained the band
structure of an atomic square lattice near metallic surfaces
and studied the topological bands that arise when a triangular
lattice of atoms is placed near the metal surface. Given the
generality of our method, we expect that it will pave the
way for further studies of two-dimensional atomic lattices
both in free space and near planar surfaces and will facilitate
finding experimentally accessible parameter regimes for the
realization of topological quantum optics and other intriguing
phenomena.
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APPENDIX A: GREEN’S-FUNCTION EXPRESSIONS

In free space the permittivity is ε = 1 and Eq. (14) can
be solved using Fourier techniques to obtain the following momentum-space representation of the dyadic Green’s

function [39]:

G0,αβ (r) =

d 3 p ip·r 1 k 2 δαβ − pα pβ
e
,
(2π )3
k2
k 2 − p2

(A1)

where p = px x̂ + py ŷ + pz ẑ, p = |p|, and k = ω/c. Equation (14) also has a closed-form solution in position space [39]
given by
 ikr

e
1
G0,αβ (r) = − 2 ∂α ∂β + δαβ
.
(A2)
k
4π r
After evaluating the derivatives [48,49], we obtain the following Green’s-function components [34,35]:


i
1
eikr
δαβ
1+
−
G0,αβ (r) = −
4π r
kr
(kr)2



xα xβ
δαβ δ (3) (r)
3
3i
+
+
+ −1−
.
kr
(kr)2
r2
3k 2
(A3)
APPENDIX B: GREEN’S-FUNCTION REGULARIZATION

We regularize the Green’s function by inserting a Gaussian
momentum cutoff of the form [5]
R̃(aho ,p) = e−aho p
2

2

/2

(B1)

into the Fourier integral of the Green’s function [Eq. (A1)],
which yields

d 3 p ip·r k 2 δαβ − pα pβ −aho2 p2 /2
G∗0,αβ (r) =
e
.
(B2)
e
(2π )3
k 2 (k 2 − p2 )
The momentum cutoff removes the high-frequency contributions that are associated with momenta p  1/aho . Equation
(B2) is a convolution between the Green’s function and the
momentum cutoff and, therefore, by the convolution theorem
we obtain

G∗0,αβ (r) = d 3 q G0,αβ (r − q)R(aho ,q),
(B3)
where R(aho ,q) is the Fourier transform of the momentum
cutoff function R̃(aho ,p) given by

d 3 p ip·q −aho2 p2 /2
e e
R(aho ,q) =
(2π )3
1
2
2
= √
e−q /2aho
3
( 2π aho )
= |ψ0 (q)|2 ,

(B4)

where ψ0 (q) is the ground-state wave function of a quantum
2
harmonic oscillator of frequency ωho = h̄/(2maho
). Equation
(B3) thus represents the averaging over the ground-state
fluctuations of a harmonically trapped atom, where aho is the
amplitude of the ground-state fluctuations [5]. Substituting
Eq. (15) into Eq. (B3), setting r = 0 and evaluating the integral
gives Eq. (23).
In order to find the fluctuation-averaged Weyl decomposition of the free-space Green’s function in the plane
of the atoms (z = 0), we need to evaluate the following

063801-10

PHOTONIC BAND STRUCTURE OF TWO-DIMENSIONAL . . .

expression:
∗
(px-y ; 0)
gαβ


=

dpz k 2 δαβ − pα pβ −aho2 p2 /2
e
,
2π k 2 (k 2 − p2 + i)

(B5)

where, as part of the Sommerfeld prescription to make the
Green’s function causal, we have included an infinitesimal
imaginary number with  > 0 in the denominator to move the
poles off the real axis [39]. The six independent components
are given by

∗
gxx
= k 2 − px2 I0 ,

∗
= k 2 − py2 I0 ,
gyy
∗
= (k 2 I0 − I2 ),
gzz
∗
∗
gxy
= gyx
= −px py I0 ,

where the integrals are given by


I1 = C

e−aho pz /2
dpz  2
,
2
k − px − py2 + i − pz2

(B7)

pz e−aho pz /2
dpz  2
,
k − px2 − py2 + i − pz2

(B8)

2

aho →0

= lim





e

ikB ·R

R=0


 2 2 
∂rα ∂rβ eaho k 2π 3/2 − 4aR22
δαβ +
e ho
2
k2
2
aho

= 0,

(C3)

where the last equality follows from the observation that
2
exp(−R 2 /4aho
) → 0 as aho → 0 for R = 0.
APPENDIX D: GREEN’S FUNCTION NEAR
A FLAT SURFACE

2

2

2

pz2 e−aho pz /2
dpz  2
,
k − px2 − py2 + i − pz2

(1)
gαβ (px-y ; z) = g0,αβ (px-y ; z) + gsc,αβ
(px-y ; z),

2

(1)
(px-y ; z) =
gsc,αβ

2

(B9)

(B10)

Using the closed-form solutions for these integrals (see, e.g.,
Ref. [50]), we obtain Eqs. (25) and (26).
APPENDIX C: CUTOFF INDEPENDENCE OF
GREEN’S-FUNCTION REGULARIZATION

As described in Ref. [5], in order to demonstrate that
Eq. (29) is independent of aho , we need to differentiate Eq. (29)
2
with respect to aho
and show that the value of the resulting
derivative goes to zero as the aho → 0 limit is taken. To
simplify the calculations, we use the form of the Green’s
function as given in Eq. (A2) and the following observation
[34,39]:

d 3 p eip·r
eikr
=−
.
(C1)
4π r
(2π )3 k 2 − p2
We substitute into Eq. (29) the following expression:


∂rα ∂rβ
d 3 p eip·r −aho2 p2 /2
e
.
G∗0,αβ (ω,r) = δαβ +
2
k
(2π )3 k 2 − p2

−ieikd (2h+z)
+
[rS Ŝα Ŝβ + rP P̂−
α P̂β ], (D2)
2kd

where the Fresnel coefficients are given by
rS =

1 −aho2 (px2 +py2 )/2
e
.
2π k 2

(D1)

where g0,αβ (px-y ; z) is the Green’s function in free space
discussed previously and the term accounting for the scattering
from the surface is given by

where
C(px ,py ) =

R=0

aho →0

and
I2 = C

ho

The Weyl decomposition of the Green’s function in the
presence of a flat surface has previously been derived by
a number of authors [34,51–53]. Assuming the interface is
located at z = −h, for z > −h the Weyl decomposition is
given by

∗
∗
= gzy
= −py I1 ,
gyz



2
and performing
After taking the derivative with respect to aho
the resulting Gaussian integral, we obtain
⎤
⎡

2 2
eikB ·R G∗αβ (R)⎦
lim ∂a 2 ⎣ek aho

(B6)

∗
∗
gxz
= gzx
= −px I1 ,

I0 = C
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kd − km
kd + km

and

rP =

εm kd − εd km
,
εm kd + εd km

(D3)

with

kd = εd k 2 − px2 − py2

1/2

0

(D4)


km = εm k 2 − px2 − py2

1/2

 0,

(D5)

and

where k = ω/c. The unit vectors for the S and P polarizations
are given by
1
Ŝ = (py x̂ − px ŷ),
p
⎛
⎞

x̂
+
p
ŷ
p
1
x
y ⎠
.
P̂± = √ ⎝ px2 + py2 ẑ ∓ kd 
k εd
2
px + py2

(D6)
(D7)

Using these expressions, we obtain the following matrix
expressions:
⎤
⎡
py2
px py
−
0
px2 +py2
⎥
⎢ px2 +py2
⎥
px py
px2
(D8)
ŜŜ = ⎢
0⎦
⎣− 2 2
2
2
px +py

(C2)
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and

⎡

k2

p2

x
− εd dk2 p2 +p
2

⎢ k2 px p y
x y
d
P̂− P̂+ = ⎢
⎣− εd k2 px2 +py2

k2

p p

− εd dk2 p2x+py 2
x

k2

p2

y

y
− εd dk2 p2 +p
2
x

y

− εdkdk2 px

⎥
− εdkdk2 py ⎥
⎦.

kd
p
εd k 2 y

kd
p
εd k 2 x

⎤
(D9)

px2 +py2
εd k 2

Therefore, the full matrix expression in Cartesian coordinates for the scattered part of the Green’s function is given by
⎡
⎤
py2
kd2
kd2 px py
px py
px2
kd
r
−
r
−
r
−
r
−
p
r
px2 +py2 S
εd k 2 px2 +py2 P
px2 +py2 S
εd k 2 px2 +py2 P
εd k 2 x P ⎥
i ikd (2d+z) ⎢
⎢ px py
⎥
py2
kd2 px py
kd2
px2
e
gsc (px-y ; z) = −
⎢− p2 +p2 rS − ε k2 p2 +p2 rP
r − εd k2 p2 +p2 rP
− εdkdk2 py rP ⎥.
px2 +py2 S
d
x
y
x
y
⎣ x y
⎦
2kd
px2 +py2
kd
kd
p r
p r
rP
εd k 2 x P
εd k 2 y P
εd k 2

For completeness, we note that for z < −h the Weyl
decomposition takes the form
(2)
gαβ (px-y ; z) = gsc,αβ
(px-y ; z),

(D10)

(2)
is given by [34,51–53]
where gsc,αβ

and

iei(kd h−km (h+z))
+
gsc,αβ (px-y ; z) =
[tS Ŝα Ŝβ + tP P̂m
α P̂β ], (D11)
2kd
where the Fresnel coefficients are given by
√
2kd εd εm
2kd
and tP =
,
tS =
kd + km
εm kd + εd km
and

⎛
⎞

px x̂ + py ŷ ⎠
1
.
P̂m = √ ⎝ px2 + py2 ẑ − km 
k εm
px2 + py2

After performing the angular integral in the px -py plane, only
the diagonal terms survive and we are left with the components


i
1
(D15)
Gsc,xx (0) = − k Ixx,s − Ixx,p
8π
εd
Gsc,yy (0) = Gsc,xx (0)
and
Gsc,zz (0) = −

(D12)

and



∞

Ixx,p =

(D17)

and

εm d − εd m id 2kd
e
εm d + εd m

(D19)

x 3 εm d − εd m id 2kd
e
.
d εm d + εd m

(D20)

dx x d
0
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